We have analyzed elastic scattering angular distributions and total reaction cross sections of the exotic nuclei 9,11 Li on 208 Pb, at energies below and above the Coulomb barrier. For this purpose, we have used an optical potential with no adjustable parameters, composed by the nuclear São Paulo potential, derived from the nonlocal nature of the interaction, and the Coulomb dipole polarization potential, derived from the semiclassical theory of Coulomb excitation. Within this formalism, we identified an unusual long-range absorption for the 11 Li + 208 Pb system, which is dominated by the Coulomb interaction. We compare it to the absorption mechanisms observed for 6 He + 208 Pb which, unlike those of 11 Li + 208 Pb, take place at small interacting distances, where both Coulomb and nuclear interactions are important. The proposed approach shows to be a fundamental basis to study reactions involving exotic nuclei.
I. INTRODUCTION
During most of the 20th century, since the Rutherford experiments [1] , we could only perform and analyze nuclear reactions measurements with stable nuclei beams. The recognition of the importance of the exotic nuclei in the stellar environment led to the technological breakthrough of the radioactive ion beam facilities, that make it possible to create and accelerate these rarely found in nature and short-lived nuclei, in laboratory, since 1985 [2] . Then, the most important international laboratories of nuclear physics have invested in research and development for increasing production and improving diagnostics of exotic nuclei beams, thus, providing the study of their structural properties and reaction mechanisms with better statistics.
With precise experimental data of reactions involving exotic nuclei, we can verify whether theoretical models developed to study stable nuclei may be applied to exotic nuclei as well. In such a scenario, the elastic scattering is the simplest process to test a theoretical model, before applying it to more complex reaction processes, and the optical model (OM) is the most used theoretical approach for the corresponding data analysis.
The success of the OM lies in describing reaction mechanisms between two nuclei with a complex mathematical formulation. The mean field potential, called optical potential (OP), has a real part that represents the bare interaction and an imaginary part that simulates the absorption of flux from the elastic channel due to reaction processes [3] [4] [5] .
Either for older stable nuclei reaction data [3] or recent exotic nuclei ones [4, 5] , it is commonly assumed the OP with a parametrized Woods-Saxon (WS) form, to represent the strength and geometry of the potentials as a function of the interacting distance.
Recent comparisons between WS-OP analysis of stable and exotic nuclei reactions showed some important differences [4, 5] . The elastic scattering induced by the 6 He exotic nucleus, * fernandez@lns.infn.it mainly on heavy targets, is different from stable nuclei. A long-range absorption process present in the 6 He + 208 Pb scattering data was identified, that can only be reproduced with a significant change in the geometry of the WS-OP, which is achieved by increasing the diffuseness parameter values of such phenomenological (real and imaginary) potentials [4] [5] [6] . What was intriguing is that long-range effects were not observed in the light 6 He + 27 Al or in the heavy 9 Li + 208 Pb systems, which are, for example, very well described by similar theoretical models and parameters used for describing stable nuclei reactions [6, 7] .
It is known that the large number (six) of WS free parameters allows describing a huge number of experimental data in a wide range of bombarding energies, varying from sub-Coulomb to intermediate ones. Notwithstanding, there are difficulties in obtaining simple systematic parameters of the WS potential, with respect to the energy, mass of the system, refractive light effects, or reaction mechanisms, for both stable and exotic systems. Thus, in general, fundamental models for the OP are crucial to describe, in a realistic basis, the energy and system dependency of the data sets.
Stable nuclei reactions have been successfully described assuming the double-folding nuclear São Paulo potential (SPP) [8] , among many other theoretical models [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Within an optical model framework, the SPP describes the real bare nuclear interaction and predicts, with great accuracy, experimental angular distributions of a large number of stable systems in a wide energy range, with no adjustable parameters. At energy regions where the imaginary part of the optical potential can be obtained from fundamental principles, i.e., sub-Coulomb and intermediate energies, predictions of elastic scattering cross sections were obtained in agreement with the experimental data [19] [20] [21] .
An extension of the SPP model to the imaginary part of the OP was proposed in Ref. [22] and successfully applied to the elastic scattering of stable nuclei. At energies around the Coulomb barrier, the SPP has also been valuable when explicitly coupled to reaction channels [23, 24] , besides being successful to systematic descriptions of fusion reaction data [25, 26] . Thus, the São Paulo potential became a powerful tool to study exotic nuclei reactions [6, 7, 27] .
The WS-OM analyses performed in Refs. [4] [5] [6] showed that the elastic scattering of 6 He on 208 Pb is strongly reduced due to the polarization induced by the dipole Coulomb interaction. The so-called Coulomb dipole polarization (CDP) potential accounts for part of this long-range mechanism. A simple analytical formula for the CDP potential was derived in Refs. [28, 29] and has shown to be another valuable tool to study exotic nuclei reactions in the OM context [27] .
Regarding the study of exotic nuclei, an interesting case consists of the neutron rich weakly bound nuclei, such as 6 He and 11 Li, which are located far away from the stability line of the periodic chart. One goal is to determine, through direct nuclear reactions, how the weakly bound nature of the valence neutrons affects the structure of such exotic nuclei and modifies the way in which they interact.
The 11 Li nucleus was first observed in 1966 by Poskanzer et al. [30] , through the collision of a 5.3 GeV proton beam on a uranium target; 19 years later, Tanihata et al. [31] , proposed, for the first time, a considerably different 11 Li nuclear matter radius compared to its neighboring isotopes, which was attributed to the existence of a strong deformation and/or a large extension of its nuclear matter distribution. Two years later, Hansen and Jonson [32] proposed the high probability of finding the weakly bound neutrons far away from the 11 Li inner core ( 9 Li), which makes the 11 Li matter density longer and defines it as a nuclear halo. In the same work [32] , the existence of a soft dipole resonance was suggested, at low excitation energies, which has been supported by other experimental and theoretical works [33] [34] [35] [36] .
The 11 Li nucleus decays, by β emission, in 11 Be with a half-life of 8.75 (14) ms [37] . It has no excited states and is a Borromean nucleus, since the two subsystems, 9 Li-n and n-n, are not bound. The energy separation of the two neutrons is 369.15(65) keV [38] and their high probability of being out of the nuclear potential range leads to an extended nuclear halo compared to its isotopes.
The two-neutron halo structure of 11 Li is easily polarizable in the strong electric field of a heavy 208 Pb target. The repulsive Coulomb long-range effect forces the 9 Li core, with radius R ∼ 2.44(7) fm [39] , to move in the opposite direction of the two neutrons that do not feel the Coulomb interaction. This effect produces a distortion of the wave function that tends to reduce the Coulomb repulsion between the interacting nuclei. The reduced Coulomb repulsion decreases the elastic scattering cross section and can be described through a dynamic polarization potential, induced by dipole Coulomb excitation. This potential is then composed by two components: an attractive real part that describes the reduction of the Coulomb repulsion and an absorptive imaginary part that describes the elastic cross section reduction [28, 29] .
As well as 11 Li, the 6 He nucleus presents two weakly bound neutrons halo. The 6 He nucleus has a half-life τ 1/2 = 806.7(1.5) ms [40] and the energy separation of the two neutrons is 972.4(8) keV [41] . The 6 He is also a Borromean nucleus, both n-n and 4 He-n subsystems are unbound. Similar to 11 Li, in the case of 6 He the positive charge of the 4 He core is repelled by the charge of the 208 Pb target. Thus, the Coulomb interaction repels the core 4 He in order to separate (break) it from the two neutrons, giving rise to the long-range absorption process.
In this work, we propose to study such long-range absorption of 11 Li + 208 Pb through OM analysis and compare it with the 6 He, 9 Li + 208 Pb ones. In Sec. II, we present our optical model approach. We compare the experimental elastic scattering angular distributions of 6 He, 9 Li, and 11 Li on 208 Pb with our theoretical predictions in Sec. III. Also in this section, we study the behavior of the total reaction cross sections for these systems. Finally, in Sec. IV we discuss our main results and present the conclusions.
II. THEORETICAL APPROACH
The SPP is a microscopic model used to describe the heavy-ion bare interaction [8] . Within this approach, the nuclear interaction, coined as V SPP , can be written as a function of the folding potential through:
where c is the speed of light, v is the relative velocity between projectile and target, and V Fold is represented as follows:
ρ 1 and ρ 2 are the projectile and target matter distributions; V 0 δ( r) is the zero-range effective interaction with V 0 = −456 MeV. This V 0 value has been obtained in [8] through a systematic involving potentials extracted from elastic scattering data analyses. We have used realistic densities for the 6 He, 9 Li, and 11 Li nuclei extracted from proton scattering measurements [39, 42] . The corresponding nucleon densities were folded with the matter distribution of the nucleon to obtain the respective matter densities (see Ref. [8] ). For the 208 Pb matter density, we assumed the two-parameter Fermi (2pF) systematic obtained from the São Paulo potential [8] . In Fig. 1(b) , we present the 6 He matter distribution (solid blue line). As an illustration, we include in the figure the matter distributions of the 6 He neighboring isotopes. In Fig. 1(a) , we compare the realistic 6,9,11 Li matter densities. Different from 6,9 Li, the 11 Li presents a large tail that corresponds to its halo structure.
The CDP potential [28, 29] is obtained by requiring that the second-order amplitude for the dipole excitation-de-excitation process and the first-order amplitude, associated with the polarization potential, are equal for all classical trajectories corresponding to a given scattering energy. This leads to an analytic formula for the polarization potential according to a single excited state [28] . This analytic formula is generalized for the case of excitation energy to a continuum of breakup states [29] resulting on the following expression: Here, we can note the quadratic dependence of the polarization potential with the atomic number of the target, Z t . This dependence gives rise to an important contribution of the Coulomb long-range absorption for certain exotic nuclei, which is mainly observed in the case of the 208 Pb heavy target. In expression (3), ε b is the necessary energy to break up the projectile, which is a positive value, a 0 is the half of the distance of closest approach in the head-on collision, v is the velocity of the projectile and f and g are analytic functions expressed as
is the Coulomb adiabaticity parameter corresponding to the excitation energy ε of the nucleus. K represents the second derivative of the Bessel functions and P means the principal value of the integral. As discussed in detail in [28] , when the breakup energy ε b is large enough, the purely real adiabatic dipole potential is obtained. In the opposite limit, for small energies, f ( For the present analysis, we assumed theoretical values of the 6 He and 11 Li B(E1) distributions from Refs. [43] and [44] , respectively, while for 9 Li a cluster model ( 7 Li +2n) was considered calculating the B(E1) distribution [45, 46] . Figure 2 shows these distributions as functions of the excitation energy ε. The 11 Li B(E1) distribution has also been extracted from measurements of Coulomb dissociation in the collision with 208 Pb [47] . The corresponding results, presented in Fig. 2 , are significantly smaller than the theoretical prediction. Thus, the total optical potential assumed in the present work is written in terms of the SPP and CDP models through Eq. (5) does not involve any adjustable parameter to fit the present data set. Figure 3 shows the strength of each component of the OP from Eq. (5), as a function of the interacting distance, for two different incident energies. For both 6 He + 208 Pb and 11 Li + 208 Pb systems, the strength of the real part of the CDP is significant even well above R = 20 fm, while the SPP vanishes exponentially around 14 fm. Also the imaginary part of the CDP is significant at large R values for 11 Li. On the other hand, for 6 He + 208 Pb it tends to vanish at long distances.
III. EXPERIMENTAL DATA AND THEORETICAL PREDICTIONS
Elastic scattering angular distributions for 9 Li on 208 Pb at E lab = 24.1 and 29.5 MeV and for 11 Li on 208 Pb at E lab = 24.3 and 29.8 MeV were measured at the TRI-laboratory University Meson Facility (TRIUMF), in Vancouver, Canada, and published in Ref. [7] . Elastic scattering angular distributions of 6 He on 208 Pb at E lab = 14, 16, 18, 22, and 27 MeV were measured in the Cyclotron Research Center (CRC), Louvain la Neuve, Belgium, and published in [4, 48, 49] . the CDP is negligible and the total optical potential can be approximated to U opt ≈ V SPP + i 0.78 V SPP .
In Fig. 5 , the solid black lines represent the theoretical elastic scattering angular distributions obtained with the total OP, while the dot-dashed green ones represent the results obtained without the CDP, i.e., with U opt = V SPP + iN I V SPP . Thus, unlike the 9 Li + 208 Pb case, the elastic cross sections for 11 Li + 208 Pb are quite sensitive to the long-range polarization potential. Still in Fig. 5 , for comparison purposes, the dashed lines represent the calculations considering only the CDP potential, U opt (R) = V Pol (R) + iW Pol (R), and the dotted lines correspond to the calculations considering only the imaginary part of the CDP, U opt (R) = iW Pol (R). It is quite interesting that the cross sections at forward angles are mostly determined just by the long-range Coulomb absorption. The good agreement between data and theoretical calculations in this region is an indication of the Coulomb dipole polarizability dominance, successfully described by the CDP model [28, 29] .
As mentioned earlier, the experimental 11 Li B(E1) distribution reported in [47] presents significantly smaller values than the theoretical one of [44] . In order to test the effect of this difference on the elastic scattering cross sections, we have also performed OM calculations assuming such experimental distribution, by replacing the B(E1) in Eq. (3) by a function fitting the experimental data shown in Fig. 2 . The dominance of the CDP at forward angles remains in this case, presented in Fig. 6 , but the corresponding results are not in good agreement with the data as those from the theoretical B(E1) distribution.
In Fig. 7 , we present 6 He + 208 Pb experimental data and corresponding theoretical results obtained with the total OP (solid black lines). The elastic cross sections for E lab = 16 MeV are displaced by a constant value (0.2) to avoid superposition with the data of E lab = 14 MeV. Also the cross sections obtained without the CDP potential are represented by dot-dot-dashed green lines in the figure. The effect of the long-range polarization is significantly smaller in this case in comparison with that of 11 Li + 208 Pb. Even so, the CDP is responsible for an improvement in the description of the data also for 6 He + 208 Pb (see Fig. 7 ). Nevertheless, clearly the agreement between data and theoretical predictions with the total OP is not totally satisfactory. In fact, for the 6 He system, the B(E1) is significantly smaller than that obtained for the 11 Li case, in the region of the breakup threshold (see Fig. 2 ). Besides, in the 6 He case, other couplings to the 1n and 2n transfer channels and the nuclear breakup are also important, as discussed in Ref. [6] .
As already mentioned, the 11 Li + 208 Pb elastic scattering cross sections are quite unresponsive to the nuclear part of the optical potential, except at backward angles (see Fig. 5 ). This fact can be understood by analyzing the strengths of the optical potential components (see Fig. 3 ). The CDP potential components are of much longer range compared to the São Paulo nuclear interaction, even considering the realistic 11 Li nuclear matter distribution represented in Fig. 1 . To illustrate this behavior, we have performed additional calculations of reaction cross sections as discussed below.
The reaction cross section is related to the elastic S matrix through the sum of partial waves as
On the other hand, the partial reaction cross section is related to the imaginary part of the OP and the elastic wave function from [12, 50] :
We now define the reaction cross section density (RCSD) as
With Eq. (8), the reaction cross section can be obtained by integration of the RCSD in the interacting distance:
Figures 8(a) and 9(a) present the RCSD as a function of the interacting distance for 11 Li + 208 Pb at E lab = 24.3 and 29.8 MeV, respectively. Here, we separate the total absorption of Eq. (5) in two contributions: the short-range one calculated using the internal imaginary nuclear potential, W SPP = N I V SPP , and the long-range CDP imaginary part W Pol . Figures 8(b) and 9 (b) present the corresponding partial-waves contributions as a function of the angular momentum. Clearly, the absorption due to the CDP is much larger than that arising from the internal W SPP . High angular momenta provide significant contributions to the reaction even in this low energy range. Furthermore, the absorption occurs predominantly at distances much larger than the barrier radius [arrows in Figs. 8(a) and 9(a) ]. Similar analyses were performed for 6, 7 Li + 80 Se systems, where the absorption occurs at much shorter range (≈ 10 fm-see Fig. 8 of Ref. [51] ). The present results confirm the major role played by the long-range Coulomb absorption in the case of 11 Li + 208 Pb, and are consistent with the behavior of the elastic scattering cross sections shown in Fig. 5 .
IV. DISCUSSION AND CONCLUSIONS
We have performed OM analyses assuming the OP given by Eq. (5) . Within this context, we revisited the case of 6 He + 208 Pb. The predictions of our OM calculations do not reproduce the corresponding data possibly due to important contributions of the 1n and 2n transfer channels and the nuclear breakup that are not explicitly accounted for our model. In Ref. [27] , given the impossibility to reproduce the 6 He + 208 Pb data, mainly above the barrier, it was proposed the following construction for the optical potential:
where W S (R) and W L (R) represent short-and long-range components of the phenomenological imaginary nuclear polarization potential and V L (R) is a real nuclear part of such polarization. This construction provided good fits of the 6 He + 208 Pb data (see dashed red lines in Fig. 7 ) and led to more complex CRC calculations [6] .
In Ref. [6] , both the elastic scattering and the α production, by breakup, were studied for 6 He + 208 Pb. The experimental data set was compared to results of continuum discretized coupled channels and coupled reaction channels (CRC) calculations. In the CRC case, the coupling of two neutrons transfer channels produces a strong effect on the elastic scattering cross sections, and it better explains the energy and angular distributions of the α particles. In these calculations, the SPP was also assumed for the bare interaction, supplemented with a short-range imaginary potential to account for complete fusion. Although there is room for improvement, these calculations indicate a direction for new theoretical developments.
The predictions of the present OM calculations for the elastic scattering cross sections are in good agreement with the 9,11 Li + 208 Pb data (see Figs. 4 and 5 ). In the case of 9 Li, the calculations present the major role played by the nuclear potential in the corresponding elastic scattering angular distribution. On the other hand, our analyses demonstrate the dominance of a Coulomb dipole potential in the description of the elastic cross sections for 11 Li + 208 Pb. This effect is mainly responsible for the unusual long-range absorption observed in this case and it is well accounted for the CDP potential. The respective attractive real part describes the reduction of the Coulomb repulsion and the absorptive imaginary part results in the pronounced damping of the elastic cross section. This behavior is corroborated by the calculated RCSD, which shows that the absorption mostly takes place in the region of large interaction distances.
As illustrated in Fig. 5 , a better data description, mainly at the backward region, seems to be obtained by considering only the CDP, Eq. (3), in Eq. (5) instead of the complete interaction.
However, due to statistical fluctuations and precision of the experimental data at such region, further conclusions must be taken with care.
As already commented, in the case of 11 Li + 208 Pb the theoretical B(E1) distribution reported in [44] provides better description of the elastic scattering data set than the experimental one of [47] . We point out that the theoretical B(E1) distribution also provides good data description for the breakup probabilities angular distributions [44] . The increasing of the B(E1) distribution, at low excitation energies, is characteristic of halo nuclei, due to their normally low binding energies. In the specific case of 11 Li, the increasing of the B(E1) distribution can also be due to the presence of a dipolar resonance at a low excitation energy. In [44] , the experimental breakup cross sections of 11 Li on 208 Pb are described by assuming a resonance with energy of 0.69 MeV (which is 0.32 MeV above the breakup threshold). Other theoretical models predict the existence of such low-lying dipole resonance [34] [35] [36] .
Thus, we were able to study reactions involving different exotic nuclei consistently within the same model. Our OP approach should be a fundamental basis to study other reactions involving exotic nuclei.
